In this work, we revisit the dynamics of pre-inflationary universe with a family of α−attractor potentials, in the framework of loop quantum cosmology, in which the big bang singularity is generically resolved purely with quantum geometric effects, and replaced by a quantum bounce. At the bounce, the background evolution is divided into two distinct classes, the first is dominated by the kinetic energy of the inflaton field and the second by the potential energy. In both classes, we find the physically viable initial conditions numerically that provide not only the slow-roll inflation, but also sufficient e-folds to be compatible with observations. In the entire range of kinetic energy dominated initial conditions (except some subsets of Models 2 and 4), the background evolution prior to reheating is always split into three different phases: bouncing, transition and slow-roll inflation. In the bouncing phase, the numerical evolution of the scale factor is independent not only of the initial data, but also the inflationary potentials, as long as it is dominated by the kinetic energy, and can be well approximated by an analytical solution, whereas in the potential energy dominated case, such approximated results do not exist. Moreover, we study the phase space analysis for a class of α−attractor potentials, and discuss the phase space trajectories for physically viable initial conditions of the inflaton field.
Introduction
The cosmic inflation has emerged as a successful paradigm to resolve various issues in the standard model of cosmology, including the horizon and flatness problems. Inflation can explain the origin of inhomogeneities observed in cosmic microwave background and the structure formation of the universe [1] . A large number of inflationary models have been proposed in the literature such as conformal attractor [2] , α−attractor [3] [4] [5] [6] [7] , Starobinsky and the chaotic inflation [8] [9] [10] [11] [12] [13] . The cosmological predictions of these models are very similar but not identical as the main difference is in the shape of the potentials. These models are in good agreements with the present observational data. In the case of a single field inflation, Starobinsky and α−attractor potentials are fully consistent with the Planck 2018 data, whereas the quadratic potential is ruled out [14] . In this paper, we shall revisit the dynamics of the pre-inflationary universe with the class of α−attractor potentials in the framework of loop quantum cosmology (LQC), and explore whether the slow-roll inflation is achieved or not followed by the initial quantum bounce. Recently, the similar results for the α−attractor that contains T and E models have been studied in [15] .
All inflationary models that are based on general relativity (GR) suffer from the initial and inevitable singularity [16, 17] . Therefore, it is difficult to know how and when to impose the initial conditions. In addition, the inflationary universe should have at least 60 e-folds to be consistent with observations. However, more than 70 e-folds can be found in a large class of inflationary models in which the size of present universe is smaller than the Planck at the beginning of inflation [18] . As a result, the semi-classical treatments are questionable in these models. This is known as the trans-Planckian problem [19, 20] .
The above issues can be addressed in the framework of LQC, which provides a feasible explanation of inflation and pre-inflationary dynamics simultaneously. It is remarkable to note that in such a framework the big bang singularity is replaced by a non-singular quantum bounce [21] [22] [23] [24] [25] [26] . Furthermore, universe that onsets at the quantum bounce usually enters in the slow-roll inflation [27] [28] [29] [30] [31] [32] [33] [34] [35] . For the pre-inflationary universe, in the framework of LQC, two main approaches are discussed in the literature, the dressed metric [22, [36] [37] [38] and the deformed algebra [39] [40] [41] [42] [43] [44] . For the background evolution, both approaches provide the same set of evolution equations but their perturbations are distinct [33] . The corresponding non-Gaussianities were investigated in [45] [46] [47] .
In this work, we consider a family of α−attractor potentials, and are mainly interested in the background evolution of the universe. Therefore, the results to be obtained in this paper will be valid to both approaches. Specially, we shall exhibit that, for the kinetic energy dominated (KED) initial conditions, the evolution of the universe before reheating can be divided into three different phases: bouncing, transition and slow-roll inflation, while this is not possible in the potential energy dominated (PED) case [15, [48] [49] [50] . The analytical evolution of the background and linear perturbations during these phases have been discussed in [49, 50] . Moreover, many authors have studied various inflationary models in LQC, GR, string-inspired models and Bianchi I universe [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] , [64] [65] [66] [67] [68] [69] [70] [71] , and important results were discussed.
The rest of the paper is organized as follows. In Sec. 2, the family of α−attractor potentials is briefly discussed with four new models. In sec. 3, we study the background equations of the Friedmann-Lemaitre-Robertson-Walker (FLRW) universe in the framework of LQC. The Subsections 3.1, 3.2, 3.3 and 3.4 are devoted to the detailed analysis of the background evolution withφ B > 0, and also for the kinetic energy (KE) and potential energy (PE) dominated initial conditions at the quantum bounce. The phase portraits are displayed in Sec. 4. Our main results are summarized in Sec. 5.
A family of α−models
Following [72] [73] [74] , the Lagrangian density of the α−attractor models with non-canonical kinetic term and a potential is given as
where M P l = m P l / √ 8π denotes the reduced Planck mass, αf 2 represents the potential function and α is a parameter. The non-canonical kinetic term in Eq. (2.1) can be made canonical through the field redefinition φ = √ 6α tanh −1 ϕ √ 6 . Therefore, the potential is given by
Two functional forms of f have been extensively used in the literature,
, and c is a constant that scales the amplitude of the potential. Eq. (2.3) is known as T model [3, 5, 6] , and reduces to the Goncharov and Linde model for α = 1/9 [13] . Eq. (2.4) is the so-called E model and reduces to Starobinsky's model for α = 1 [4, 8] .
The pre-inflationary universe and phase space analysis for T and E models in context of LQC have been examined in [15] .
In this work, we shall choose the following functional forms of f , and investigate the pre-inflationary dynamics of the inflaton field in the framework of LQC. We shall examine whether these forms can lead to the desired slow-roll inflation or not, followed by the quantum bounce. These functional forms are
The 
Hereafter, we shall refer equations (2.9), (2.10), (2.11) and (2.12) to as models 1, 2, 3 and 4, respectively. The evolutions of these models are shown in Fig. 1 . Models 1 and 2 blow up at φ = 0 and φ = −∞, respectively. Both models monotonically decline to a constant value as φ → ∞. Models 3 and 4 show oscillating behaviors as the field approaches to the origin (φ = 0), and are symmetric with respect to the point φ = 0. In the context of dark energy, theses models have been studied in [75] .
Background equations and numerical evolution
In LQC, the modified Friedmann equation in a spatially flat FLRW universe, and the Klein-Gordon equation with a single scalar field are given, respectively, by [76] where H =ȧ/a denotes the Hubble parameter, ρ =φ 2 /2 + V (φ) is the energy density of the scalar field, and ρ c 0.41m 4 pl [77, 78] represents the critical energy density. From equation (3.1) one can see that H = 0 at ρ = ρ c . This implies that the quantum bounce occurs at ρ = ρ c .
The background evolution with a bouncing phase is of great interest, and one of the main tasks is to show the existence of a desired slow-roll inflation with certain initial conditions at the quantum bounce [24, 28-30, 48-50, 79] . To this effect, we shall study "bounce and slow-roll inflation" with a family of α−attractor models.
We solve Eqs.(3.1) and (3.2) numerically with the initial conditions of a(t), φ(t) anḋ φ(t) at the quantum bounce, at which we have
where t B denotes the moment at which the bounce occurs. From (3.3), we finḋ
4)
Without loss of the generality, one can take
From Eq.(3.4), one can see that for a given potential, the initial conditions will be described by φ B only. Later, we shall find two cases: (a) positive inflaton velocity (PIV):φ B > 0; and (b) negative inflaton velocity (NIV):φ B < 0. In this paper, we shall focus only PIV. However, one can easily carry out a similar analysis for the NIV case. Hereafter, we shall denote φ(t B ) andφ(t B ) by φ B andφ B , respectively. Finally, we define the following quantities that will be used in this paper [48] [49] [50] .
(1) The equation of state (EoS) w(φ) is defined as
In the slow-roll regime, we have w(φ) −1.
To differentiate the KE and PE dominated initial conditions at the bounce, we define the quantity w B as
(3.7)
(2) The slow-roll parameter H is defined as
In the slow-roll region, we have H 1.
(3) The number of e-folds N inf during the slow-roll inflation is expressed as
where a i (a end ) exhibits the scale factor when the inflation onsets (ends), that isä(t i ) 0 and w(φ end ) = −1/3.
(4) The analytical expression of the scale factor a(t) during the bouncing regime can be expressed as [48] [49] [50] 
where a B = a(t B ), δ = 24πρ c /m 4 P l is a dimensionless parameter, and t P l represents the Planck time.
In the following subsections, we shall study the class of α−attractor models forφ B > 0 (PIV), and see whether following the bounce a desired slow-roll inflation generically exists or not. 
Model 1
Let us first study some features of model 1 [Eq.(2.9)]. The evolution of the potential (2.9) vs the scalar field is shown in the upper left panel of Fig. 1 . This potential becomes asymptotically flat for the large field limit (φ → ∞), and blows up at the origin (φ = 0). In LQC, the maximum energy density is ρ c that constraints the value of
To find the values of α and c that are consistent with the Planck 2018 data for an inflationary universe [14] , we follow the prescription provided in Appendix A. In particular, choosing H * = 2.0 × 10 −5 M P l , we can find φ * from Eq.(A.3) for the given potential in this model. Then, setting V = 1 in Eq.(A.2) we find φ end . With such obtained φ * and φ end , we can find (α, c) from Eq.(A.1) by setting N inf = 60. In doing so, we find various sets of (α, c), which are all consistent with the Planck 2018 data. All of these cases give similar conclusions. So, in the following we shall consider only one representative case, which is given by
Then, we numerically solve Eqs. (3.1) and (3.2) with PIV (φ B > 0) for model 1. The results for a set of KED initial conditions with α = 1m 2 P l and c = 8.343 × 10 −7 m P l are shown in Fig.  2 , where the scale factor a(t), EoS w(φ), and slow-roll parameter H are exhibited for the same set of φ B . The initial values of inflaton field at the bounce are governed by the KED conditions with the entire range of φ B , while the PED initial conditions are not possible at all in the whole range. Similar results were discussed for T − model in Ref. [15] .
From the middle panel of Fig. 2 , one can clearly see that the evolution of the universe before reheating can be divided into three distinct phases: bouncing, transition and slow-roll inflation. In the bouncing phase, KE dominates, and w(φ) +1. During the transition region, w(φ) decreases rapidly from +1 (t/t P l 10 4 ) to −1 (t/t P l 10 5 ). This transition phase is very short in comparison with the other two phases. In the slow-roll phase, w(φ) approaches to −1, and remains constant till the end of the slow-roll inflation. It is very Table 1 . This table represents model 1 [Eq.(2.9)] withφ B > 0. We demonstrate various parameters of inflation for different values of φ B in the case of α = 1m 2 P l and c = 8.343 × 10 −7 m P l . For each value of φ B , we get less than 60 e-folds. Therefore, these initial values of φ B are not consistent with observations. interesting to note that the evolution of a(t) (the left panel of Fig. 2 ) during the bouncing phase is universal, and shows consistent behavior with the analytical solution (3.10). The range of the initial conditions is φ B ∈ (φ min , ∞), in which the KED condition at the bounce is assured, as in this rangeφ
is always true, and it always leads to a slow-roll inflationary phase. Next, we turn to consider the total number of e-folds during the slow-roll inflation for various values of φ B . To be consistent with the Planck 2018 results [14] , at least 60 e-folds are required for a successful inflationary model. However, in the case α = 1m 2 P l and c = 8.343 × 10 −7 m P l the e-folds are less than 60, which are shown in Table 1 for different values of φ B .
We also analyzed the case with α = 0.5m 2 P l and c = 1.611 × 10 −6 m P l , and noticed that the conclusion is the same. In fact, as we mentioned previously, we found that this is true for all the sets of (α, c) that satisfy the Planck 2018 data. So, in order not to repeat the calculations, we do not present the detailed analyses for this case, as well as the other ones.
Model 2
In this subsection, we study some characteristics of model 2 [Eq.(2.10)], for which the potential is displayed in the upper right panel of Fig. 1 . In the large field limit (φ → ∞), the potential monotonically declines to a finite value V (φ) → αc 2 /4, whereas at φ → −∞, it diverges. In LQC, ρ c constraints the value of φ B as (φ min , ∞), and φ min is given by
To find the values of α and c that are consistent with the Planck 2018 data [14] , following what is prescribed in Appendix A, we find various sets of α and c, similar to Model 1. In the current model, it is sufficient to consider only the following two representative cases, The value of φ min can be obtained for any choice of α and c from Eq. (3.13). For example, for α = 1m 2 P l and c = 4.074 × 10 −8 m P l , we find φ min = −21.14m P l . We investigate the entire range of inflaton field in order to identify the initial values that provide the slow-roll inflation.
where φ min is given by Eq. (3.13) . The results of background evolution for KED and PED initial conditions are exhibited in Fig. 3 with various choices of φ B . In the KED case, the evolution of a(t) shows the universal feature during the bouncing phase, that is, it neither depends on potential nor on the initial values of φ B , and is well described by the analytical solution (3.10). This is because during the whole phase, the potential remains almost constant, and does not essentially affect the evolution of the background. From the evolution of w(φ), one can see that in the KED case the background evolution is split up into three different phases: bouncing, transition and slow-roll. The period of the transition phase is very short in comparison with the other two phases. During the bouncing regime, w(φ) +1, in the transition regime, it decreases drastically from +1 (t/t P l 10 4 ) to −1 (t/t P l 10 6 ), and in the slow-roll regime w(φ) −1 until the end of slow-roll inflation. In the case of KED initial conditions, we also find a subset where the slow-roll inflation is not possible, which is clearly displayed in the middle panels of Fig. 3 . In the PED case, the universality of a(t) disappears, and the bouncing and transition phases do not exist any more, however the slow-roll inflation can still be obtained as shown in lower panels of Fig. 3 . Table 2 shows various parameters of inflation. In particular, N inf decreases as φ B grows. From this table, one can find the range of φ B that provides 60 or more e-folds to be compatible with observations, which is
where φ min is given by Eq. (3.13). We also examined the other set of Eq. (3.14), namely α = 5m 2 P l and c = 2.449×10 −7 m P l , and observed that the subset of the KED case, which does not provide an inflationary phase found in the case of α = 1m 2 P l , disappears. In fact, we found that this is true for all the cases with a large enough value of α. Therefore, we conclude that the entire range of KE and PE at the bounce provides inflationary phase. Though, a portion of this entire range provides less than 60 e-folds. Similar to Eq. (3.16), in this case, we shall also get restricted range of the inflaton field that is consistent with current observations. Moreover, the results are highly depend on the values of α and c. 
Model 3
In this subsection, let us consider potential (2.11) (model 3). The evolution of this potential is exhibited in the lower left panel of Fig. 1 . The potential is symmetric with respect to φ = 0, bounded below by unity (V (φ) ≥ 1), and shows oscillations as the field approaches to the origin (φ → 0). In the large field limit (φ → ±∞), the potential is unbounded, and the maximum energy density ρ c restricts the range of φ B to (φ min , φ max ), where
where φ max and φ min correspond to the positive (+) and negative (−) signs, respectively. The set of α and c that is in good agreement with the Planck 2018 results [14] is,
Other sets of (α, c) that also satisfy the Planck 2018 data are found to yield similar results. Then, we numerically evolve Eqs. (3.1) and (3.2) with (2.11) for PIV. Due to the symmetric behavior of the potential, the initial conditions at the bounce have the symmetry
, and the results for NIV can be easily found by applying this symmetry. Furthermore, the initial conditions at the bounce are divided into two sub-cases; KED and PED, and are given by where φ max, min are given by Eq. (3.17) . The numerical results for model 3 are presented in Fig. 4 with a set of KED and PED initial values at the bounce. One of the important result of model 3 in the case α = 0.5m 2 P l and c = 3.915 × 10 −7 m P l is that we don't get non-slow-roll phase in the entire range of the inflaton field, see Fig. 4 and Eq. (3.19) . However, some of the initial conditions of φ B provide less than 60 e-folds as shown in table 3, where different inflationary parameters are presented. From table 3, one also concludes that N inf grows as the value of |φ B | increases. Thus, to get enough e-folds during the desired slow-roll inflation, the range of φ B is restricted to (see table 3 As mentioned previously, we also numerically studied other sets of (α, c) that satisfy the Planck 2018 data, and found that they give the same results. Therefore, we shall not repeat the calculations again for these cases.
Model 4
Finally, we consider the case with the potential (2.12) (model 4). The evolution of this potential is shown in the lower right panel of Fig. 1 . The potential is bounded below by zero (V (φ) ≥ 0) and unbounded from above, and oscillates around the origin (φ = 0). The behavior of this potential is symmetric with respect to φ = 0. In the large field limit (φ → ±∞), the critical energy density ρ c constrains the initial conditions of the inflaton field at the bounce that depends on the value of α and c. The following combination of α and c is compatible with the Planck 2018 data [14] (see appendix) α = 0.5m 2 P l , c = 2.818 × 10 −7 m P l .
(3.21) In this subsection, we shall investigate the dynamics of the pre-inflationary universe with such given α and c only forφ B > 0, and the other possibilities (φ B < 0, as well as in other sets of α and c) will yield similar results. The corresponding value of φ max, min at the bounce will be ±27.2m P l . Similar to model 3, in model 4 the potential is also symmetric. Therefore, we shall not consider the NIV case, due to the symmetry
We numerically solve Eqs. (3.1) and (3.2) with potential (2.12) for α = 0.5m 2 P l and c = 2.818 × 10 −7 m P l . The results are illustrated in Fig. 5 . we obtain a subset of initial conditions that does not provide the slow-roll inflation as shown in the middle panel of Fig. 5 . The rest of the cases (KED & PED) will be quite similar to those studied in model 3, so we shall not repeat the analysis here, but simply summarize the final results with various ranges of the initial conditions of The results of model 4 are shown in Fig. 5 and table 4 . Again, we shall not explain the detail of Fig. 5 , as the evolution is quite similar to model 3. However, we obtain a subset of initial conditions that does not provide the slow-roll phase. By looking at table 4, the physical viable initial conditions of φ B that generate enough e-folds for the desired slow-roll inflation are
(3.23) Within these ranges, N inf always increases as |φ B | grows.
Phase portraits and desired slow-roll inflation
Let us investigate the phase spaces for the models under our considerations. First, we consider model 1 for α = 1m 2 P l and c = 8.343 × 10 −7 m P l . In this case, as shown previously, the entire range of the initial conditions does not yield a desired slow-roll inflation with enough e-folds, which are inconsistent with the observational data, as shown explicitly in table 1. Hence, we shall not draw the phase portrait for model 1.
Second, we examine the phase portrait for model 2 with α = 1m 2 P l and c = 4.074 × 10 −8 m P l . In this case, we find the inflationary and non-inflationary phases for different sets of φ B as displayed in Figs. 3 and 6. The left panel of Fig. 6 exhibits the evolution of the phase space trajectories in the (φ/m P l ,φ/m 2 P l ) plane for both of the PIV and NIV cases, and also for the KED and PED initial conditions. The initial data surface is semi-finite: |φ B |/m 2 P l < 0.91 and φ B /m P l ∈ (−21.14, ∞) due to the shape of the potential (2.10). The solid (blue) trajectories correspond to the inflationary region that do not provide the desired slow-roll inflation as the number of e-folds is not sufficient. The dashed (blue) trajectories exhibit the non-inflationary region. Only the red trajectories demonstrate the desired slowroll inflation that are consistent with observations, that is, a slow-roll inflationary phase with enough e-folds. Likewise, the solid and dashed (blue) parts of the boundary surface is governed by the inflationary (not consistent with observations as it does not generate sufficient e-folds) and non-inflationary phases, while the red surface is in good agreement with observations as it produces at least 60 e-folds and more. From Eqs. (3.15) , (3.16) and the left panel of Fig.  6 , one can see that the region of the desired slow-roll inflation is less than the region of the non-inflationary phase, and also less than the part that does not give the desired slow-roll inflation. Hence, in this case only a small portion of the initial conditions produce the desired slow-roll inflation with sufficient e-folds. In the left panel of Fig. 6 , we show this small portion of the initial conditions, while the whole range is given by Eq. (3.15 ). Figure 6 . This figure shows the phase portraits of models 2 (left), 3 (middle) and 4 (right) in the (φ/m P l ,φ/m 2 P l ) plane. All trajectories (with arrowheads) start at the bounce at which we have ρ = ρ c (boundary surface without arrowheads). The red trajectories generate the desired slow-roll inflation, while the blue (solid) ones do not. The dashed (blue) trajectories demonstrate the case without inflation. In model 2 (left; α = 1m 2 P l and c = 4.074 × 10 −8 m P l ), the initial data is in the range, φ/m P l ∈ (φ min , ∞) (see Eq.(3.15)), but here we show only a part of it. Since the left panel extends from φ min to ∞, the length of the blue curves (solid and dashed) is very long in comparison with the red ones. Therefore, a slow-roll inflation exists for a short period. For models 3 and 4, the initial surface extends to φ/m P l → ±26.58 (middle panel; α = 0.5m 2 P l and c = 3.915 × 10 −7 m P l ) and φ/m P l → ±27.2 (right panel; α = 0.5m 2 P l and c = 2.818 × 10 −7 m P l ), respectively. In the middle and right panels, the lengths of the blue trajectories are very short in comparison with the red ones. As a result, the slow-roll inflation is almost inevitable.
Next, we carry out the phase space analysis for model 3 with α = 0.5m 2 P l and c = 3.915 × 10 −7 m P l . The phase portrait for this model is depicted in the middle panel of Fig.  6 . The initial data surface is totally compact: |φ B |/m 2 P l < 0.91 and φ B /m P l → ±26.58, as the critical energy density ρ c puts the bound on the initial values of φ B . The red trajectories and surface generate the desired slow-roll inflation which is compatible with observations, whereas the blue ones are not. The middle panel of Fig. 6 exhibits the evolution of PIV and NIV, and also for the KED and PED initial values at the bounce. More preciously, it covers the whole phase space. Regions close to the boundary correspond to the large energy density where the quantum effects dominate, while the low energy limit exists near the origin in the (φ/m P l ,φ/m 2 P l ) plane. All curves start from the surface of the bounce (ρ = ρ c ) and move towards the origin which is a single stable point. In the entire phase space, the blue region is much less than the red one. Therefore, in this model a substantial fraction of initial values of the inflaton field produces the desired slow-roll inflation, and the occurrence of a slow-roll inflation is practically inevitable. Finally, for model 4 with α = 0.5m 2 P l and c = 2.818 × 10 −7 m P l , the phase portrait is presented in the right panel of Fig. 6 . In model 4, the boundary surface is also finite: |φ B |/m 2 P l < 0.91 and φ B /m P l → ±27.2. In this case, we get non-inflationary phases. The rest of the analysis is quite similar to model 3, so we shall not repeat it.
Conclusions
In this paper, we studied the dynamics of the pre-inflationary universe with a family of α−attractor potentials forφ B > 0 in the framework of LQC. First, we investigated numerically the background evolution for model 1 with α = 1m 2 P l and c = 8.343 × 10 −7 m P l . In this case, the initial conditions at the bounce are dominated only by KE as the PED initial conditions do not exist during the whole bouncing phase. Similar results were obtained for T − model in Ref. [15] . The numerical results for model 1 are presented in Fig. 2 , where a(t), w(φ) and H are displayed for several values of φ B . From the numerical evolution of w(φ), one can see that the universe is split into three different phases prior to reheating: bouncing, transition and the slow-roll inflation. During the bouncing phase, the evolution of a(t) is universal for a wide range of initial conditions, and is well described by the analytical solution (3.10), as shown in the left panel of Fig. 2 . In this phase, w(φ) +1. However, it decreases quickly from w(φ) +1 to w(φ) −1 during the transition phase, and then stays pegged at w(φ) −1 in the slow-roll phase. The period of transition phase is very short in comparison with the other two phases. We also found the number of e-folds during the slow-roll inflation that is shown in Table 1 . For model 1, we always get less than 60 e-folds during the slow-roll inflationary phase for any given value of φ B in the range. Hence, this model is not observationally favorable.
Second, we studied numerically the evolution of the background for model 2 with α = 1m 2 P l and c = 4.074 × 10 −8 m P l . In the case of α = 1m 2 P l and c = 4.074 × 10 −8 m P l , the range of φ B is divided into the KED and PED initial conditions, and the numerical results are presented in Fig. 3 . For the KED case (except for a subset), the evolution of the scale factor a(t) during the bouncing phase shows universal feature, that is, it does not depends on initial conditions and is well described by the analytical solution (3.10). During the bouncing phase, the EoS w(φ) +1. It drastically decreases from +1 to −1 in the transition phase. Soon, the universe enters into the slow-roll phase, where H is still large initially, but quickly declines to zero, and the slow-roll inflation takes place, as shown by the upper panels of Fig. 3 . A subset of the KED initial conditions does not lead to inflation as shown in the middle panels of Fig.  3 . In the case of the PED initial conditions, the universality of a(t) is lost. Bouncing and transition phases do not exist any more. Though, the slow-roll inflation can still be achieved for a long period. We also showed other parameters in Table 2 , where physically viable initial conditions of φ B were identified, which produce enough e-folds. From Table 2 , we can see that N inf decreases as φ B grows.
On the other hand, for models 3 and 4, we examined numerically the background evolutions with α = 0.5m 2 P l and c = 3.915 × 10 −7 m P l (model 3) and α = 0.5m 2 P l and c = 2.818 × 10 −7 m P l (model 4), respectively. The results are shown in Figs. 4 and 5. The whole range of the initial values of φ B provide the slow-roll inflationary phase for model 3, whereas in model 4, a subset of the initial conditions exists without inflation. The number of e-folds N inf and other inflationary parameters are displayed in Tables 3 and 4 , where N inf increases as the absolute value of φ B grows.
Finally, we presented the phase portraits for models 2, 3 and 4 in Fig. 6 . We did not display the phase portrait for model 1 as all the initial conditions of inflaton field provide less than 60 e-folds that are not consistent with observations. For model 2 with α = 1m 2 P l and c = 4.074 × 10 −8 m P l , the quantum bounce surface is semi-finite: |φ B |/m 2 P l < 0.91 and φ B /m P l ∈ (−21.14, ∞), whereas for models 3 and 4, the bounce surface is compact. In particular, in model 3 with α = 0.5m 2 P l and c = 3.915 × 10 −7 m P l , we found |φ B |/m 2 P l < 0.91 and φ B /m P l → ±26.58, while for model 4 with α = 0.5m 2 P l and c = 2.818 × 10 −7 m P l , we obtained |φ B |/m 2 P l < 0.91 and φ B /m P l → ±27.2. In Fig. 6 , the dashed blue trajectories correspond to the case without inflation, and the solid trajectories (red and blue) can lead to the slow-roll inflation. However, only the red curves generate sufficient e-folds that are compatible with the Planck 2018 data, and not the blue ones [14] .
A Some Physical Quantities
From Eq.(3.9), we have
where φ * and φ end represent the values of the inflaton field at the beginning and end of the slow-roll inflation. The slow-roll parameter V is given by
At the end of the slow-roll inflation, V = 1. Hence, one can find φ end from Eq.(A.2). During the slow-roll inflation,φ 2 V (φ). Therefore, Eq. 
